Certain forms of mathematical expression are used more often than others in practice. A quantitative understanding of actual usage can provide additional information to improve the accuracy of software for the input of mathematical expressions from scanned documents or handwriting and more natural forms of presentation of mathematical expressions by computer algebra systems. Earlier work has examined this question for the diverse set of articles from the mathematics preprint archive arXiv.org. That analysis showed showed the variance between mathematical areas. The present work analyzes a particular mathematical domain more deeply. We have chosen to examine second year university engineering mathematics as taught in North America as the domain. We have analyzed the set of expressions occurring in the most popular textbooks, weighted by popularity. Assuming that early training influences later mathematical usage, we take this as a model of the set of mathematical expressions used by the population of North American engineers. We present an empirical analysis of the symbols and n-grams occurring in these expressions.
Introduction
This paper concerns computer analysis of mathematical documents. Unlike natural language text, dictionary-based techniques cannot be used easily to guide recognitionthere is no fixed vocabulary of mathematical "words" that may appear in expressions. There is, however, a wellestablished tradition of common mathematical usage: some sub-expressions occur in practice more than others. We wish to use this information to guide the recognition of mathematical text.
In earlier work [1] we have reported on the analysis of some 20,000 articles from the mathematics pre-print server arXiv.org [2] . These articles were classified by area using the MSC subject classification, and we were able to observe that mathematical usage varied considerably by area. We then were able to use the information gathered to construct n-grams to improve the recognition accuracy of a pen-based mathematics interface [3, 4] . The construction of n-grams from tree-structured data used a linearization technique to traverse the tree frontier and insert sufficient geometric symbols to keep track of the expression baseline.
We wish to explore further the general approach of using statistical analysis of mathematical corpora to improve the recognition of mathematical expressions by software systems. While our interest is primarily in the area of mathematical handwriting recognition, the same models should be useful in improving the analysis of mathematics in scanned documents by systems such as Infty [5] .
One of the difficulties in using the arXiv server is that certain specialized mathematical areas receive an unrepresentative number of articles by particular authors and their idiosyncrasies skew the analysis. For the current work, we have therefore taken an area of general interest that nevertheless exhibits a wide diversity of mathematical notation. We have selected the domain of engineering mathematics as taught in the second year of North American university programs as the scope for the current study.
Second year engineering mathematics is taught as a collection of applied mathematical subjects including such topics as elementary complex analysis and vector calculus. The population that uses these techniques measures in the millions of individuals, so any progress in handling documents with this mathematical content would be useful.
In addition to the use in document analysis and recognition, a statistical study of mathematical expression usage can be of interest in other areas. In particular, we would suggest that computer algebra systems could make use of information about what are the preferred forms in practice in order to present their output in the most desirable way.
Earlier work on optical character recognition for typeset mathematical documents touches upon aspects of the current paper. One study [6] considered a collection of 30 English works on pure mathematics and analyzed the scanned images for visual properties of the mathematical characters, such as whether they were touching or abnormal in shape. Another study [7] analyzed a database of 400 document images and noted that expression symbols differed from normal text, that a set of 12 two-dimensional layout structures were used and that the top 150 n-grams or so were highly representative of the subject categories. The present article does not consider at all the printed appearance of the mathematical text. Instead we take the document source text (ground truth) as given and analyze the symbol and ngram frequences that occur.
The paper is organized as follows: Section 2 presents the problem we study in more detail. Section 3 outlines the methodology we have used to collect and analyze our data. Section 4 presents our first results. Section 5 discusses future work and presents our conclusions.
The Problem
We are interested in analyzing documents that use engineering mathematics as presented in the second year of the North American university education. Such documents would include engineering documents in professional practice, mathematical textbooks, student assignments and hand-written mathematics by both students and practicing professionals.
While elementary engineering mathematics includes a broad range of activity, the range of mathematical notation used is limited, at least when compared to range of notations for mathematics as a whole. We make the assumption that the notations used in practice will follow to a large those that the practitioners learned while students.
Under this assumption, we are ultimately studying the set of expressions occurring in the collection of textbooks used to teach second year engineering students. We may model the population of expressions used in practice by analyzing the individual textbooks and weighting them by their popularity.
The problem we wish to study is the statistics of the space of mathematical expressions that occur in these texts, with a suitable weighting.
Rank Author
Reference Demand Adoptions 
Methodology
Corpus Selection The first step in our approach was to identify the most popular textbooks in the area of second year engineering mathematics. Table 1 shows the US college and university bookstore sales for spring for 2006 to fall 2006. From this we see that three titles account for about 90% of the textbook use. We therefore build our model based on these three titles. The subjects covered in these three texts are shown in Tables 2, 3 and 4 .
T E X Sources For each of the three textbooks, we obtained T E X sources for all the mathematical expressions, and then constructed MathML from the T E X. For the texts by Greenberg and O'Neil the author and publisher (respectively) were highly cooperative and provided the T E X sources directly. The sources for the text by O'Neil corresponded to the published version in use today. The sources for the text by Greenberg had somewhat diverged from the published text but not so much as to materially affect the analysis in our opinion. Table 4 
. O'Neil table of contents
For the text by Kreyszig it was not possible to obtain sources. To obtain the mathematical expressions of the text in electronic form, we first scanned the entire book and used the Infty system to produce T E X. In most cases the T E X produced had to be edited by hand to correct errors. This was a highly labour intensive activity that spanned several months. In the end we had a T E X representation for all the mathematical expressions in the text.
MathML Conversion Naive examination of T E X sources does not give the mathematical expressions of a document. This is for two reasons.
The first reason is that typical T E X document markup makes use of a number of macro packages, as well as author-defined macros. These macros have to be expanded to reveal the mathematical expression.
The second reason that the T E X sources do not give expressions directly is that the T E X representation of mathematics is not grouped as required. For example, most authors would write $a + b c$ rather than $a + {b c}$. While it is true that a coarsening of the T E X layout tree would correspond to a coarsening of the mathematical expression tree, it is still in general necessary to regroup the T E X representation.
We used our T E X to MathML [16] converter[17], described elsewhere [18], to resolve these difficulties, and performed our analysis on the resulting MathML expressions. The benefit of this approach was that the expressions treated were (for the most part) complete, well formed, and grouped appropriately. The difficulty with the approach was that not all the complexities of T E X were handled, and a small number of expressions were incorrectly translated. However, since we are interested in the most frequently occurring expressions, the incomplete handling of infrequently occurring expressions is not, in principle, a problem. The conversion process has been described in more detail elsewhere [1] .
Analysis We grouped the chapters of each text into the general categories shown in Table 5 and analyzed the mathematical expressions for each subject/author combination, for each author with subjects combined (as given in the text), and for each subject with authors combined by weight.
In each case, we computed the individual symbol frequencies (normalized to total 1) and n-gram frequencies for n = 2, 3, 4, 5. To compute the n-grams, we converted the expressions to strings by traversing the frontier of the expression trees in writing order. The resulting strings were over the alphabet of leaf symbols extended by <sub>, </sub>, <sup>, </sup>, <frac/> and <root/>. These symbols captured transitions from the expression baseline to subscripts and superscripts as well as built up fractions and radicals. The n-grams were then tallied using sliding windows over these strings.
Results
Single Symbols Table 6 shows the frequencies of the most commonly occurring symbols in the entire set of expressions. These are presented with the absolute symbol count for each author and as a percentage of all symbols, weighted by author. The relative weights used were Table 5 . Subject Groupings 72::13::7. We see that the most popular symbols were common among all the authors, although the rank of the symbols varied somewhat from author to author. The total number of mathematical symbols occurring in the texts were (368 267 and 467 044 and 391 602, respectively). Tables 7 and 8 show the most commonly occurring symbols for the second year engineering versions of complex analysis and partial differential equations, respectively. We see that the curve of declining relative frequency of the most popular symbols is similar between the areas, with a few outlying points (such as z being very popular for complex analysis). This same pattern was observed for all subject areas.
The cumulative frequency of symbols is shown in Figure 1 with one curve for each subject and one for the weighted combination. Figure 2 shows the same curves on a log plot, from which it is possible to see that the symbols follow an exponential distribution. Tables 9 and 10 show the most popular 2-grams and 5-grams respectively for the three authors of the selected corpus as well as from two comparison texts [19, 20] . The n-grams have a qualitatively similar declining frequency pattern as the symbols, but this time in a much larger space.
The total number of n-grams (for any n) was 479 388 for Kreyzig, 562 297 for Greenberg and 477 268 for O'Neil. The total number of different bigrams was 5 992 (Kreyszig), X: Symbol rank number. Y: Cumulative frequency. (Each color represents a subject grouping of Table 5 .) Figure 3 shows the cumulative frequency for all distinct n-grams occurring in the text by Kreyszig. The highest curve is for n = 2 and they are in order to the lowest curve for n = 5. We find it remarkable that even though the rank- ing of the particular n-grams is different for the each author, the cumulative n-gram frequency curves are virtually identical for each author. Figure 4 shows the cumulative frequency of bigrams, ordered by popularity, for the three authors.
Conclusions
Earlier work had shown that statistical analysis of mathematical research documents could produce n-grams that improve mathematical handwriting recognition rates for highlevel mathematics.
We have have therefore been motivated to define a more elementary corpus of mathematics that would be more widely applicable and analyze its statistical structure. We have selected second year engineering mathematics as taught in North America as the subject and have analyzed the expressions that occur in the textbooks are adopted in more than 90% of the classes. We are then able to produce statistics weighted by the popularity of the textbooks, thus modeling the set of expressions that are used in practice.
Analyzing the population of symbols and n-grams that occur in these texts, we are able to determine the most popular symbols and n-grams by subject. The exponential drop in number of occurrences from the highest ranked symbols and n-grams to the lowest, means that a compact database can contain all of the frequently occurring items. Thus applications, even those for portable devices, could use these statistics to guide their recognition.
Future work will explore how well this performs in practice for elementary engineering mathematics.
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